Abstract. We prove that any Delaunay decomposition in dimension 4 is simplicially generating.
Introduction
The Voronoi cone decompositions has been attracting our attention in the compactification problem of the moduli scheme of abelian varieties since Namikawa's work [NY76] . The objects to add as the boundary of the moduli scheme are stable quasi-abelian schemes, reduced or nonreduced, which are described in terms of Delaunay decompositions [NI75] , [NY76] , [AN99] , [NI99] , [NI10] . The purpose of this note is to prove that any Delaunay decomposition is simplicially generating if the dimension is less than 5 (Theorem 1.3). As a corollary, if the dimension is less than 5, a kind of stable quasi-abelian schemes called projectively stable quasi-abelian schemes are reduced, and therefore two kinds of stable quasi-abelian schemes, projectively stable quasi-abelian schemes [NI99] and torically stable quasi-abelian varieties [NI10] , are the same class of varieties.
1. Delaunay decompositions 1.1. Definitions and Notation. Let Z 0 (resp. Q 0 , R 0 ) be the set of all nonnegative integers (resp. nonnegative rational numbers, nonnegative real numbers). Let X be a lattice of rank g, X R = X ⊗R, and let B : X ×X → Z be a real positive definite symmetric bilinear form B : X × X → Z, which determines the inner product B( , ) and a distance on the Euclidean space X R by x := B(x, x) (x ∈ X R ) respectively. In what follows we fix B once for all. For any α ∈ X R we say that a ∈ X is nearest to α if
We define a (closed) B-Delaunay cell σ (or simply a D-cell if B is understood) to be the closed convex closure of all lattice elements which are nearest to α for some α ∈ X R . Note that for a given D-cell σ, α is uniquely defined only if σ has the maximal possible dimension, equal to g. In this case we call α the hole or the center of σ. Together all the B-D-cells constitute a locally finite decomposition of X R into infinitely many bounded convex polyhedra which we call the B-Delaunay decomposition Del B . It is clear from the definition that the Delaunay decomposition is invariant under translation by the lattice X and that the 0-dimensional cells are precisely the elements of X. Let Del := Del B , and Del(c) the set of all the D-cells containing c ∈ X.
For any closed subset S of X R , we define S be the convex closure of S. If 0 ∈ S, then we define C(0, S) (resp. Semi (0, S)) to be the closed cone generated by S over R 0 (resp. the semigroup generated by S over Z 0 ).
A closed convex bounded subset τ of X R is called integral if τ is the convex closure of τ ∩ X. So any D-cell is integral. Let τ be a g-dimensional integral (closed convex) subset of X R which contains the origin 0. Then τ is called totally generating if C(0, τ ) ∩ X = Semi (0, τ ∩ X), while τ is called simplicially generating if there exist subsets τ i (i ∈ I) of τ :
− 0 ∈ τ i and τ j have no common interiors for any i = j;
We need to modify the notion "simplicially generating" in [NI99, 1.1, pp. 662-663] into the above in order to prove Theorem 1.3 because there might exist τ i such that 0 ∈ τ i . See [NI99, 1.6, pp. 662-663] and Remark. 2.1.
1.2. The Voronoi cones. Let X be a lattice of rank g, and Y g (resp. Y + g ) the space of real positive semi-definite symmetric bilinear forms on X R . Let s i (i ∈ [1, g]) be a Z-basis of X. Then we identify Y g with the space of real positive semi-definite symmetric g × g matrices B in an obvious manner:
A closed subset V of Y g is called a Voronoi cone if there exists a unique Delaunay decomposition of X R , which we denote by Del V , such that The following may be rather implicit in [Vo09] , [ER88] and [Va03] .
Lemma 1.1. Let V and V ′ be Voronoi cones such that V ′ ⊂ V . Then any Delaunay g-cell of V is contained in some Delaunay g-cell of V ′ . Conversely any Delaunay g-cell of V ′ is the union of some Delaunay g-cells of V .
Proof. The Delaunay decomposition of V (resp. V ′ ) is the same as that of B(t) (t ∈ (0, 1] (resp. that of B (0)), Let σ be a Delaunay g-cell of V , and α the center of σ. Though σ is constant, the center α = α(t) is a continuous function of t ∈ (0, 1], which is a polynomial function of the coefficients of
Since there is no element of X in the interior of σ, σ ∩ X is the set of all vertices of σ.
This implies that α(0) is a center of a Delaunay cell σ ′ which contains σ. Since X R is the union of Delaunay cells of B(t), this shows that any Delaunay g-cell of V ′ is the union of some Delaunay g-cells of V .
Proof. Let D(r) be a ball of radius r with the origin as center. Since σ ′ is convex,
where we caution that there might exist λ ∈ Λ such that 0 ∈ σ λ . This proves (1). 1 (2) follows from (1). Proof. Let Q 0 be a g-dimensional PSQAS over k. See [NI99] . It suffices to prove the corollary in the case where that it is a special fiber of a totally degenerate flat projective family (Q, L Q ) over Spec R for some complete discrete valuation ring R with residue field
is an algebraization of the formal quotient of the formal completion of an R-scheme ( Q, L Q ) (resp. ( P , L)) locally of finite type, each of which is given in [NI99, 5.3] (resp. a bit implicitly in [NI99, 3.4, 3.7, 3.8, 4.10]). The local affine chart U (c) of P (c ∈ X) is the normalization of a local affine chart W (c) of Q, where X is a lattice of rank g. Let R(c) (resp. S(c)) be the coordinate ring of U (c) (resp. W (c)), where each R(c) (resp. S(c)) is isomorphic to R(0) (resp. S(0)). Moreover there are some monomials ζ x,0 and ξ x,0 such that
It follows that Q = P , Q = P and Q 0 = P 0 .
It follows from [AN99, 3.12] that P 0 is generically reduced (along any irreducible component of it) if g ≤ 4. Hence there is no nontrivial torsion of the structure sheaf O P 0 whose support contains an irreducible component of P 0 . Since P is Cohen-Macaulay, so is P 0 [AN99, 4.1], hence there is no torsion of O P 0 whose support is nonempty but at most (g − 1)-dimensional. This completes the proof.
2. Degree two and three 2.1. Degree two. Let s 1 and s 2 be a basis of X, s 12 := s 1 + s 2 and Y 2 the space of real symmetric positive semi-definite bilinear forms on X R , each bilinear form being identified with a 2 × 2 matrix. We define V 1 , V 2 and V 1 ∩ V 2 as follows:
Then V i (i = 1, 2) and V 1 ∩ V 2 are Voronoi cones, each of whose relative interior determines a unique Delaunay decomposition of X R = R 2 : 
In other words, the Delaunay decomposition of lim B is obtained as a suitable fusion of the Delaunay decomposition of B.
Similarly as we take the limit from V 2 to V 1 ∩ V 2 , we have another fusion
Remark 2.1. Note that C(0, σ 5 ) = C(0, σ 3 ) and 0 ∈ σ 4 .
Degree three.
There is, up to GL(3, Z)-equivalence, a unique Voronoi cone of dimension 6 in Y 3 :
The Delaunay decomposition of V consists of 3 dimensional cells
and GL(3, Z)-transforms and Z 3 -translates.
3. Degree four 3.1. Notation. We define e ij + f 1234 + g 123 + g 124 ).
We also define
where Note that F 12 = V 2 is a Voronoi cone. Another chamber G 1234 is the union of two GL(4, Z)-equivalent Voronoi cones V 3 and V 4 (of type III) where
e ij .
Black forks and red triangles.
In what follows we identify the space of real symmetric bilinear forms on R 4 with the space of real quadratic polynomials of 4 variables in an obvious way. There are two perfect cones V 1 and K in 4 variables by [Vo09, Part I, p. 172]. The cone V 1 is a 10-dimensinal cone generated by
where x 2 i (resp. (x i − x j ) 2 ) corresponds to e i5 (resp. e ij ). The cone K is also a 10-dimensional cone generated by
Let ω be
x i x j .
Note that ω = e 12345 in matrix form.
By the transformation (which we refer to as Voronoi transformation)
while (x 1 − x 2 ) 2 is transformed into 4x 2 2 . Hence
Let W be a face of K of codimension one. By [ER88, p. 1060], there exist precisely three pairs (i, j) such that x ∈ W iff either β ij = 0 or ρ ij = 0. If β pq = 0 (resp. ρ pq = 0), we connect the vertices p and q by a black edge (resp. a red edge). Then the equivalence class of black forked faces, and the other being the equivalence class of red triangular faces. We call the first equivalence class (resp. the second) BF (resp. RT 16 faces), and each equivalence class is an orbit of a group G of order 1152, where the group G is generated by three types of elements: Proof. By definition there exists r ij > 0 such that
r ij e ij .
It easy to see that if
Since every r ij > 0 for (ij) = (12), B 0 (x, x) − 2B 0 (x, c 0 ) = 0 iff every term in the rhs is equal to 0:
Hence x i = 0, 1 and x i − x j = 0, 1 for i < j (i, j) = (1, 2). It follows that Table 2 shows.
The following is clear from Tables: 
